In this paper, we obtain common fixed point theorem and example for reciprocally continuous maps with weak contraction in IFMS.
Introduction
The fuzzy sets theory was introduced by Zadeh [11] . Erceg [1] , Kaleva and Seikkala [4] and Kramosil and Michalek [5] studied in length about fuzzy metric spaces. Grabiec [3] proved the contraction principle in the setting of fuzzy metric spaces introduced in [2] . George and Veeramani [2] modified the concept of fuzzy metric spaces. Also, Murthy et. al. [6] proved fixed point for reciprocally continuous maps in fuzzy metric spaces. Recently, Park et.al. [7] introduced the intuitionistic fuzzy metric space(Shortly, IFMS), and proved common fixed point theorem in IFMS.
In this paper, we obtain common fixed point theorem and example for reciprocally continuous maps with weak contraction in IFMS.
Preliminaries
In this part, we recall some definitions, properties and known results in the IFMS as following :
Let us recall(see [10] ) that a continuous t−norm is a operation * : Definition 2.1. ( [7] )The 5−tuple (X, M, N, * , ) is said to be an intuitionistic fuzzy metric space(Shortly, IFMS) if X is an arbitrary set, * is a continuous t−norm, is a continuous t−conorm and M, N are fuzzy sets on X 2 × (0, ∞) satisfying the following conditions; for all x, y, z ∈ X, such that
Note that (M, N ) is called an intuitionistic fuzzy metric on X. The functions M (x, y, t) and N (x, y, t) denote the degree of nearness and the degree of nonnearness between x and y with respect to t, respectively. (a) {x n } ∈ X is called a Cauchy sequence if for every 0 < < 1 and for every t > 0, there is n 0 ∈ N such that
for every t > 0 and p ∈ N.
(c) X is complete(respectively G−complete) if every Cauchy sequence(respectively G−Cauchy sequence) converges in X.
is an altering distance function if ψ(t) is monotone non-decreasing, continuous and ψ(t) = 0 if and only if t = 0. Definition 2.4. Let f and g be self-maps of an IFMS X. The maps f and g are said to be f − g reciprocally continuous if and only if lim n→∞ f f x n = f u and lim n→∞ ggx n = gu whenever {x n } ⊂ X such that lim n→∞ f x n = lim n→∞ gx n = u for some u ∈ X. Definition 2.5.
[8] Let f and g be self-maps of an IFMS X. The maps f and g are said to be compatible if lim n→∞ M (f gx n , gf x n , t) = 1 and lim n→∞ N (f gx n , gf x n , t) = 0 whenever {x n } ⊂ X such that lim n→∞ f x n = lim n→∞ gx n = u for some u ∈ X and for all t > 0. Definition 2.6. Let f and g be self-maps of an IFMS X. The maps f and g are said to be sub-compatible if and only if there exists {x n } ⊂ X such that lim n→∞ f x n = lim n→∞ gx n = u for some u ∈ X and for all t > 0,
for all x, y ∈ X and t > 0. Define f, g : X → X by
, for all n ≥ 0. Then, we have
Therefore, f and g are sub-compatible. On the other hand, let {x n } ⊂ X such that x n = 1+
, for all n ≥ 0. Then, we have lim n→∞ f x n = lim n→∞ gx n = 2, lim n→∞ f gx n = 4, lim n→∞ gf x n = 3 and hence lim n→∞ M (f gx n , gf x n , t) = t t+1 = 1, lim n→∞ N (f gx n , gf x n , t) = 1 t+1 = 0. Thus f and g are not compatible.
Main results
Definition 3.1. Let X be an IFMS and f, g : X → X be given maps. The map g is said to be a generalized (ψ, φ)−weak contraction with respect to f if there exists a function φ; [0, ∞) → [0, ∞) with φ(r) > 0 for r > 0 and φ(0) = 0 and an altering distance function ψ such that
holds for every x, y ∈ X and each t > 0 with m(f, g) = min{M (f x, f y, t), M (gx, f x, t), M (gy, f y, t)}, n(f, g) = max{N (f x, f y, t), N (gx, f x, t), N (gy, f y, t)}.
If f = I X , where I X is the identity map, then g is called a generalized (ψ, φ)− weak contraction. If f and g are sub-compatible maps and φ is a continuous function, then f and g have a unique common fixed point in X Proof. Let x 0 ∈ X. Since g(X) ⊆ f (X), we can define, for each n ≥ 0, a sequence of points x 0 , x 1 , x 2 , · · · · · · , x n , · · · such that x n+1 is in the pre-image under f of {gx n }, that is,
Moreover, we can define a sequence y n in X by
Assume that y n = y n+1 for some n. Then by (3.1), we have easily y n+1 = y n+2 and so y n = y m for every m > n. Thus {y n } is Cauchy sequence. Suppose that y n+1 = y n , for all n ∈ bf N . Then we have for x = x n+1 and y = x n , m(f, g) = min{M (f x n+1 , f x n , t), M (gx n+1 , f x n+1 , t), M (gx n , f x n , t)} = min{M (y n , y n−1 , t), M (y n+1 , y n , t), M (y n , y n−1 , t)}, n(f, g) = max{N (f x n+1 , f x n , t), N (gx n+1 , f x n+1 , t), N (gx n , f x n , t)} = max{N (y n , y n−1 , t), N (y n+1 , y n , t), N (y n , y n−1 , t)}.
If m(f, g) = M (y n+1 , y n , t) and n(f, g) = N (y n+1 , y n , t), then
which implies that M (y n+1 , y n , t) = 1 and N (y n+1 , y n , t) = 0, a contradiction as y n+1 = y n for all n ∈ N. Then, we must have m(f, g) = M (y n , y n−1 , t) and n(f, g) = N (y n , y n−1 , t). Hence N (y n−1 , y n , t) ).
Since ψ, φ are nondecreasing, we have that for all n,
and hence {M (y n−1 , y n , t)} is an increasing and {N (y n−1 , y n , t)} is an decreasing in (0,1]. Let A(t) = lim n→∞ M (y n−1 , y n , t) and B(t) = lim n→∞ N (y n−1 , y n , t). If A(t) < 1 and B(t) > 0, then from the above inequality, as n → ∞, we obtain
).
Hence A(t) > A(t) and B(t) < B(t) a contradiction. Therefore lim n→∞ M (y n , y n+1 , t) = A(t) = 1 and lim n→∞ N (y n , y n+1 , t) = B(t) = 0. Now, for each positive integer p, we write
Hence lim n→∞ M (y n , y n+p , t) ≥ 1 * · · · * 1 = 1, lim n→∞ N (y n , y n+p , t) ≤ 0 · · · 0 = 0. Therefore {y n } is a G-Cauchy sequence. If f (X) is G-complete, then there exists u ∈ f (X) such that lim n→∞ y n = u. Thus we know that lim n→∞ y n = lim n→∞ gx n = lim n→∞ f x n+1 = u. From f − g reciprocally continuity of f and g, lim n→∞ f f x n = f u and lim n→∞ ggx n = gu. By (3.2), we have lim n→∞ f gx n = lim n→∞ f f x n+1 = f u. Also, from sub-compatibility of f and g, lim n→∞ M (f gx n , gf x n , t) = 1 and lim n→∞ N (f gx n , gf x n , t) = 0, which implies that lim n→∞ gf x n = f u. Now, taking x = u and y = f x n , we have as n → ∞, N (gu, f u, t) ).
Hence we have M (gu, f u, t) = 1 and N (gu, f u, t) = 0 which implies that gu = f u. Therefore u is a coincidence point of f and g. Now, we will prove that u is a common fixed point of f and g. If gu = u, then taking x = u, y = x n , we have
Thus lim n→∞ m(f, g) = M (gu, u, t) and lim n→∞ n(f, g) = N (gu, u, t). From (3.1), we get as n → ∞, gu = u. Therefore f u = u = gu and hence u is a common fixed point of f and g. Finally, suppose that v is another common fixed point of f and g. Then, putting x = u, y = v, we have m(f, g) = min{M (f u, f v, t), M (gu, f u, t), M (gv, f v, t)}) = M (u, v, t), n(f, g) = max{N (f u, f v, t), N (gu, f u, t), N (gv, f v, t)}) = N (u, v, t).
Consequently, from (3.1), M (u, v, t) = 1 and N (u, v, t) = 0. Therefore u = v for all x, y ∈ X, t > 0. Define ψ, φ : [0, ∞) → [0, ∞) by ψ(t) = t and φ(t) = Let {x n } ⊂ X such that x n = 1 2n
for all n ≥ 1. Then we have lim n→∞ M (f gx n , gf x n , t) = 1, lim n→∞ N (f gx n , gf x n , t) = 0.
Therefore f, g are sub-compatible. Also, f and g are f − g reciprocally continuous and satisfy the contractive condition (3.1). Thus all the hypotheses of theorem hold and x = 0 is a unique fixed point of f and g in IFMS.
